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POISSON AND HOCHSCHILD COHOMOLOGY AND THE 
SEMICLASSICAL LIMIT 

MATTHEW TOWERS 



Abstract. Let A be a quantum algebra possessing a semiclassical limit A. We 
show that under certain hypotheses A*^ can be thought of as a deformation of 
the Poisson enveloping algebra of A, and we give a criterion for the Hochschild 
^~^' cohomology of A to be a deformation of the Poisson cohomology of A in the 

C^ ' case that A is Koszul. Wc verify that condition for the algebra of 2 X 2 quantum 

matrices and calculate its Hochschild cohomology and the Poisson cohomology 
of its semiclassical limit. 

^«0 I Certain quantum algebras A admit a semiclassical limit: that is, a Poisson al- 

gebra structure on their g — >■ 1 limit A which preserves some noncommutative 
r I I information from A. A simple example is the quantum plane 

P^/. A ^ fc(g)(x,y) 

^ ' (xy - fzyx) 

C^ ' whose semiclassical limit is the polynomial ring k[x,y] with Poisson structure de- 

termined by {x, y} = xy. Various authors have investigated to what extent the 
Hochschild (co)homology of A is determined by the Poisson (co)homology of its 
.J . semiclassical limit, for example }VdB94[ IFT91J . usually using spectral sequence 

<~^ ' methods, and a related situation where there is a Poisson structure on an associated 

fT^ . graded algebra is dealt with in |Kas88[ Theoreme, p. 223]. The famous Kontsevich 

^^ ' quantization theorem also guarantees a relationship between the cohomology of a 

^^ . Poisson algebra and that of its canonical quantization. 

In this paper we study the link between Poisson and Hochschild cohomology by 
■"sj" . showing that if A is graded with a PBW basis of polynomial type with a polynomial 

^^ ' semiclassical limit A, the enveloping algebra A*^ is a deformation of the Poisson 

enveloping algebra P{A) (Section [2). The restriction to A being polynomial allows 
us to describe P{A) by generators and relations (Lemma [3]): when the Kahler 
differentials of A are not free as an ^-module, additional relations are required. 



If A is Koszul with quadratic dual A- the Hochschild cohomology of A is computed 
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;h < by a differential graded algebra whose underlying algebra is A A- . If A has a PBW 

^ .' basis of polynomial type we show that this DGA is a deformation of the DGA A®A!' 

that computes Poisson cohomology of the semiclassical limit A (Proposition [^S])- 
This leads to a condition for HH(A) to be a deformation of HP(^); in particular 
when this holds the Hochschild and Poisson cohomologies have the same bigraded 
Hilbert series (Corollary [571) . 

Two algebras to which our results can be applied are the coordinate ring A(n) of 
quantum affine n-space and the algebra M of 2 x 2 quantum matrices. We discuss 
the cohomology of the quantum plane and its semiclassical limit in Section 5] as 
an example of our methods; Hochschild cohomology for quantum affine spaces and 
Poisson cohomology of their semiclassical limits are already known, for example 
[Wam931 §6], |B(;MS05j . p]R07l Proposition 2.2.1], [SiiMl §3.3]. 

In Section[5]we show that the Hochschild cohomology for 2 x 2 quantum matrices 
is a g-deformation of the Poisson cohomology of the semiclassical limit, and cal- 
culate this Poisson cohomology explicitly in Theorem [23 These computations are 
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new, although some low-dimensional Hochschild cohomology groups for quantum 
matrices have appeared in the literature: the zeroth Hochschild cohomology group 
is known to be generated by the quantum determinant, and the structure of the 
first cohomology group as a module over the centre was determined in |LL07j . An 
interesting feature of these computations is the action of the Poisson centre on the 
Poisson cohomology groups, which acts freely except for a single trivial summand 
in the top cohomological dimension. This is in contrast to jVdB94[ Theorem 4.1] 
for example, where the action is free. 

0.1. Notation and conventions. Throughout this article g is a transcendental 
element over a field k of characteristic zero. ^[9*^] is the ring of Laurent polynomials 
in q and k{q) its field of fractions. "Graded" means Z>o-graded unless otherwise 
stated. The nth graded component of a graded algebra A is denoted A„, and if 
A S A„ we write |A| ~ n. 

1. Poisson algebras and Poisson cohomology 

1.1. The Poisson enveloping algebra. Let ^ be a Poisson /c-algebra with bracket 
{— , — }; that is. A is a conuirutative associative A:-algebra with unit, { — , — } is a Lie 
bracket on A, and for any a Cz A the map 

h H> {a, 6} 

is a derivation. A left Poisson module over A is a A:-vector space M which is a 
simultaneously a left module for A as an associative algebra and a left module for 
the Lie algebra {A, {—■—}), satisfying 

{x, ymJM = {x, y}m + y{x, mJM 
{xy, mJM = x{y, mJM + y{x, mJM 

for any x,y G A and m £ M, where {a,m}M denotes the Lie algebra action and 
am the associative algebra action of a € A on to € M. 

Let n{A) be the ^-module of Kahler diflferentials of A. This is the free left 
^-module on generators i^{a) for a G A quoticnted by the submodule generated by 
all elements of the form 

(1) n{a), n{a + b)~n{a)-n{b), n{ab) - an{b) - tnia) 
for a £ k and a,b G A. If we define 

[an{x), bn{y)] = a{x, b}n{y) + b{a, y}fl{x) + abn{{x, y}) 

then i}{A) becomes a fc-Lie algebra: see |Hue90[ Theorem 3.8]. 

There is an associative algebra U{A,n{A)) called the Poisson enveloping al- 
gebra satisfying a universal property such that the category of left U{A, il.{A))- 
modules is equivalent to the category of left Poisson modules over A. A more 
general construction of which the Poisson enveloping algebra is a special case given 
in |Hue901 §1]. 

In the rest of this section A ~ k[xi, . . . , x„] will be a polynomial algebra so that 
the Kahler differentials arc freely generated as an ^-module by i^{xi), . . . , il{xn) 
[Wei941 §8.8]. We will need a presentation of the Poisson enveloping algebra by 
generators and relations in this special case. To this end, let P{A) be the /c-algebra 
generated by yi and ^{yi) for 1 < i < n, subject to two sets of relations. The first 
set says that the y^s commute: 

(2) y^yj = yjyt I <i < j <n 
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SO there is an algebra homomorphism la '■ A —^ P{A) determined by Xi i-^ y,;. The 
second set of relations is 

(3) ^{yi)yj - y^^iVt) = laHxi^x-j}) l < i,j < n 

(4) n{y,)n{y,) - il{y,)n{y,) == ^ ^ (^^f^) ^iVk) I < ^ < J < n. 

The map la '■ A ^ PiA) makes P{A) into an A-module. Let lq(^a) ■ ^{A) -> P{A) 
be the map of A-modules such that ft{xi) i— >■ i^{yi), and regard P{A) as a A-Lie 
algebra by defining [u, v] = uv — vu. 

Lemma 1. if2(A) ** a homomorphism of k- Lie algebras. 

Proof. Firstly note that 

(5) n{yi)LA{b) - LA{b)fl{yi) = m({si, 6}) 

for any b G A. When 6 is a monomial this can be proved by induction on the length 
using ([3]), and the result extends to arbitrary b € Ahy linearity. 

To prove that isi(A) is a Lie algebra homomorphism we must show that for any 
a,b € A and 1 < i, j < n, 

Li2(A){[a^ixi),bfl{xj)]) = LAia{xi,b})n{yj) + LAib{a,Xj})n{yi) 

+ LA{ab)J2LA(^^^^^^n{y,) 

is equal to 

i-n{A){a^{xi))Ln{A){b^{xj)) - LQ(^A){b^{xj))HxA){a^{xi)) = 

LAia)n{yi)LAib)n{yj) - LA{b)^{yj)LA{a)Q.{yi) 

for any a,b ^ A and any i, j. 
Using ([5|) gives 

LA{a)^{yi)iA{b)^{y]) - LA{b)rt{y-j)LA{a)Q.{yi) 

= LA{a){LAib)i}{yi) + LA{{xi,b}))rt{yj) - LA{b){LA{a)^{y.j) + LA{{xj,a)))n{yi) 

= LA{ab){ft{yi)n{yj) - n{yj)n{yi)) + LA{a{xi,b})n{yj) + M(&{a, Xj})n{yi) 

and the result follows from (|3]) D 

Lemma 2. The Poisson enveloping algebra U{A,fl{A)) is isomorphic to P{A). 

Proof. We will verify that {P{A),LA,i'n{A)) has the universal property of |Hue90[ 
1.6]. We must show that given an associative fc-algebra B equipped with the Lie 
bracket [6i, 62] = &ifo2 ~ ^2^1, a morphism of /c-Lie algebras ipfiiA) '■ ^{A) — > B and 
a morphism of A:-algebras (pA '■ A ^ B such that 

(6) <j>A{a)(j)^iA){b^ixi)) = (j)niA){abn{xi)) 

(7) (j>n{A){b^{xi))<l>A{a) ~ (j>A{a)(j)n(^A){b^{xz)) = <j>A{b{x.i,a}) 

for any a, & £ A and any i, there is a unique homomorphism $ : P{A) -^ B oi 
fc-algebras such that ^ o la = 4>a and $ o lq/a) ~ 4'n(A)- 

If these are to hold, $ must satisfy $(yi) = (pAixi) and ^{ft{yi)) = 0f2(^)(J7(xi)). 
Since the elements yi and ^{yi) generate P{A)^ if such a $ exists it is unique. 

In order to show that such a $ exists we need only show that the elements 
(pAixi) and (t)n{A){^{xi)) satisfy the relations ([2]), © and (|H) of -P(A). Certainly 
the (l)A{xi) commute since (pA : A ^ B is an algebra homomorphism, so ^ is 
satisfied. Next, 

(l)n{A){^{Xt))(l>A{xj) - (pA{Xj)(l)n(A){^{Xi)) = (l)A{{Xt,Xj}) 
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by ([7]), and therefore ([3]) is satisfied. Finally, 

(t>n(A}{^{xt))(l)n{A){^{xj)) - (l)n{A){^{xj))(l)n{A){^{xi)) 
= <l>n{A}{[^{xi),^{xj)]) =(pn{A){^{{xi,Xj}) 
because (jiQiA) is a homomorphism of Lie algebras, and applying 4'n(A) to 

k "^^ 
and using ^ gives 

and so ^ is also satisfied. D 

Corollary 3. P(A) has a PBW basis consisting of all elements of the form 

for ai,bi > 0. 

Proof. This is a consequence of a result of Rinehart |Hue90[ Theorem f .9] which 
shows that the Poisson enveloping algebra is isomorphic as a vector space to the 
symmetric A-algebra on il{A) via the canonical map. D 

1.2. Poisson cohomology. In this section A = k[xi, . . . , a;„] is once again a poly- 
nomial algebra so that n{A) is a free A-module, and we may consider its mth 
A-exterior power A™(J7(A)). This is the quotient of the tensor product over A of in 
copies of n{A) by the submodule generated by all tensors with two equal factors. 
Write 

Sl(ai) A • ■ • A il{a„i) 
for the image of the pure tensor 

il{ai) ^A ■ ■ ■ ^A ^(flm) 

in /\™(r2(A)). As an A-module, /\™(51(yl)) is free on all elements of the form 

fi(.T,;J A • • • A ^{Xi^} 

for 1 < ii < 12 < • • • < im < ^, so it is isomorphic to A (g)fc A™{V) where A"^{V) is 
the ?7i,th exterior power of the vector space V spanned by the Cl(xi). 

Definition 4. Alt"(r2(yl), A) is HomA(A"(^(^)),^) 

This is what Hucbschmann calls the space of ^-multilinear alternating func- 
tions from n{A) to A. The direct sum Alt;^(f}(A), A) = 0„>o Ah"(r2(yl), A) is 
a differential graded algebra when equipped with the Cartan-Chevalley-Eilenberg 
differential 

df{fl{x,,)A---An{x,J) = 

E(-i)^+if}(x,^ )f{n{x,,) A • • • A n{^) A • ■ • A n{x,j) 

+ Y. (-l)'^''V([f^K ), ^(x,, )]/\n{x,, )A- • •Af](^)A- • •A1X^)A- • •Al7(x,,J) 

l<j<k<m 

and the shuffle product 

(/A5)(r!(ai)A---Af7(a|;i+|<,|)) = 

J2 sgn(i)/(f^K ) A • • • A fi(a,|^| ))g{n{a,^^^^^ ) A • • • A ^^(a^,^,^,^, )) 
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where/ e Altj{'(fi(A), A), .g e Altj|'(fi(A), A), the sumis over alii = (ii, . . . , i|/|+|g|) 
such that ii < ■ ■ ■ < i|j| and J|/|+i < • • • < i\f\+\g\, and sgn(i) is the sign of the 
permutation r i~^ ir- The shuffle product on the space of alternating forms is 
obtained by transferring the natural multiplication on A (^k A*{V*) through the 
isomorphisms 

A\tA{n{A),A) = RouiAiA (g, A*{V), A) ^ Homfc(A*(F), A)^A(E)k A*{V*). 

Definition 5. The Poisson cohomology HP* (A) of a Poisson algebra A is the 
cohomology of the differential graded algebra A\t\{yL{A) , A) . 

If ^4 is a graded algebra and its Poisson bracket respects the grading then the 
Poisson cohomology groups are bigraded; in this case we write HP'-' [A) for the part 
in homological degree i and internal degree j. 

When the Kahler differentials are projective as an A-module, so in particular 
when A is polynomial, P{A) ®a A\{D,{A)) is a projective resolution of A as a 
P(j4)-module and the Poisson cohomology of A is isomorphic as an algebra to 
Extp(^)(A,A) |Hue90l p.81]. 

2. The SEMICLASSICAL limit and g-DEEORMATIONS 

Let ^ be a fc[g^^] -algebra which is a torsion-free fc[q^^]-module and suppose 
A = A/ {q — 1)A is commutative, li u & A write u for its image in A. Then A is a 
Poisson algebra with bracket 

{a,&}:=^My 
where /3(a, h) is the unique element of A such that ah — ha = (q ~ l)/3(a, b). 

Definition 6. With A, { — , — } and A as above we say that A is the semiclassical 
limit of A. 

See for example |Dumll[ IGoolO) . 

Definition 7. A k[q^^]-subalgebra TZ of a k{q)-algebra R is called a k[q^^]-form 
of R if the natural map TZ i8)fc[ij±i] k{q) -^ R is an isomorphism. We say R is a q- 
deformation of the k-algehra R via the k[q^^]-foTm TZ ifTZ/{q — 1)TZ is isomorphic 
as a k-algebra to R. 

We will use an analogous notion of g-dcformation for differential graded algebras, 
obtained by replacing 'algebra' and 'subalgebra' by 'DG-algebra' and 'sub-DG- 
algebra' everywhere in the above definition. Note that if R is (bi)graded then so is 
R, and they have the same Hilbert series. 

Suppose ^ is a fc[g='=^]-form of a fc(q)-algebra A and that A has a semiclassical 
limit A. We want to relate the Poisson enveloping algebra P{A) and the enveloping 
algebra A*^ = A <^k{q) A°p of A using the notion of g-deformation. The subalgebra 
of A^ generated hy A® I and 1 A°^ is not suitable as a fc[g='=^]-form because it 
is commutative modulo q — 1, and P{A) is in general noncommutative. To help us 
define a suitable ^[g^^J-form we need some special elements of A*^. 
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The proof is a simple computation. This lemma shows that the f2(a) behave like 
g-analogucs of the Kahler differentials of ^ — compare ^ with ([1]) and (O, (fTU)) 
with ©, dH). 

Remark 10. If A is a quadratic algebra generated by homogeneous elements Xi of 
degree one with a basis of the form x"^ • • • x^" for Oi > 0, these relations, together 
with the relations of A, are enough to give a presentation of A'^ . This follows by 
counting the dimension of the spaces of relations. 

For the rest of this section we assume that A is graded, that Xi,...,x„ is a 
homogeneous generating set for A, and that A is polynomial on the images xi of 
the Xi. Let j/i be the generator of P{A) corresponding to xi"; then P{A) is graded 
by putting yi in the same degree as x,;. 

Lemma 11. Let A' be the k[q^^]-subalgebra of A''' generated by Xi ® 1 and ^{xi) 
for 1 < i < n. Then there is a surjection of graded algebras P{A) — » A' /{q — 1)A' 
defined by yi i^ Xi <S5 1 and i^iyt) M> fl{xi). 

Proof. We must show that if we substitute x.; ® 1 for yi and (l{xi) for ft{yi) in the 
defining relations ^, ^, (JH) of P{A), the resulting expressions lie in {q — 1)A'. 
This is true of the relations ([2]) because the semiclassical limit exists. 
([3|): we need 

Cl{x,){xj ® 1) - (Xj l)f^(Xj) = /3(Xj,Xj) 1 mod (q - 1) 

but this is immediate from ^. 

([4|): Suppose first that /3(xi,Xj) = Xi-^ ■ ■ ■ Xi,^ is a monomial. We need 

Vl{xi)h{Xj) - n{xj)n{xi) = ^(x^i • ■ -xl^ • • -Xj^ ® l)Cl{xi^) mod {q - 1) 

j 
but this follows easily by induction on N using ([S]). The general case, when /3{xi,Xj) 
is not assumed to be a monomial, follows by linearity. D 

Lemma 12. Let Zi,...,z„ be a homogeneous generating set for a graded k{q)- 
algebra B and let B be the k[q^^]-subalgebra of B generated by Zi,...,z„. Then 
B (E>fe[q±i] k[q) = B as graded algebras. 

Proof. The assignment z^ n- z^ 1 determines a graded surjective homomorphism 
of algebras Bi ^f B ®k[q±'^] k{q). Suppose the kernel contains a non-zero element 
X = ^i{ai/bi)zi where Oi, 6i S ^[5=*=^] and zi == z^^ , . . . , z^^^ . We may assume all the 
6i are equal to 1 by multiplying by an appropriate element of fc[g^^], so that X & B. 
Now S is a free A;[g^^]-module as it is the direct sum of its graded pieces which are 
finitely generated fc[(7*^]-submodules of a k{q)-m.odule and therefore torsion-free. 
Therefore the map B — > i3(EDfc[q±i] k{q) is injective and so X = 0, a contradiction. D 

It follows that A' is a k[q^'^]-iorm of A"". 

Corollary 13. If dunk P{A)m = dini^/g) A^ for all m then A*" is a q-deformation 
of P{A) via the fc[g±i]-/or?7i A'. 

Proof. If we regard A: as a fc[(7*^]-module with q acting as 1 then 

A'/{q - 1)^' = A' ®k[q±i] k 

as graded algebras. Each graded piece of .4' is a free fc[(7*^]-module, since it embeds 
into a k{q)-Taodulc A'^ and is therefore torsion free. So for any 771, 

dimA;(^' ®k[q±^ fc)m = d\n\k(q){A! (8)fc[q±i] k{q)),n = dimfc(q) A^ = dimfcP(A)™ 

where the second equality is because of Lemma [T^l It follows that the surjection 
of Lemma [TT] has to be injective. D 
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When A has a PBW basis of polynomial type we can apply the previous corollary 
to get: 

Theorem 14. Suppose the set of elements of the form Xj^ • • ■ xj^" for ai > form 
a basis of A. Then A"^ is a q- deformation of P{A) via the k[q ]-form A! . 

Proof. Lemma |3] says that P{A) has a PBW basis consisting of the elements 

for fli, &i > 0, where yi is the generator of P{A) corresponding to x7- Our assump- 
tions on A mean that A*^ has a PBW basis consisting of 

(Xi ® ly^ ■ ■ ■ (X„ ® ly- (1 ®Xip ■■■{I® Xnf" 

for ai,bi > 0, therefore the hypothesis of Corollary [T3] holds. D 

2.1. Example: the quantum plane. 

Definition 15. The coordinate ring of the quantum plane is the k(q)-algebra A 
generated by x, y subject to the relation xy = qyx. 

A is graded with |x| = |y| = 1; it is a quadratic algebra with basis consisting of all 
elements x°y'' with a, 6 > 0. The klq^^yioTiJi A generated by x, y has semiclassical 
limit A which is polynomial on the images x, y of x, y and has Poisson structure 
determined by {x, y} = xy. By Lemma [2] the Poisson enveloping algebra P{A) is 
generated by x,y and i7(a;),i7(y) subject to 

xy = yx, n{x)y - y^{x) = xy, ^{y)x - xil{y) = ~xy 
n{x)n{y) - n{y)n{x) = xn{y) + yVt{x) 

Theorem [HI shows A*^ is a g-deformation of P{A) via the fc[g*^]-form generated 
by x, y and J7(x),fi(y). By Lemma[5J the following relations hold in A*^: 

xy = gyx, 0(x)y — yO(x) = xy, 0(y)x — xO(y) = — xy 
5fj(x)j](y) - fi(x)f](y) = xO(y) + yO(x). 

In fact by counting the dimension of the relation space they are sufHcient to give a 
presentation of A*^ . 

2.2. Example: 2x2 quantum matrices. 

Definition 16. The algebra of 2x2 quantum matrices M is the k{q)-algebra gen- 
erated by a, b,c,d subject to the relations 

(11) ab = qba ac = qc-a be = cb bd = qdb cd = gdc 

ad — da = (gf — g^^)bc. 

M is graded with a, b,c,d in degree 1; it is a quadratic algebra which admits a 
basis consisting of all elements a'b-'c'^d' for i, j, k,l > 0. 

The fc[g^^]-subalgebra A^ generated by a, b, c, d has semiclassical limit M which 
is polynomial on the images a, 6, c, d of a, b, c, d with Poisson structure determined 
by 

(12) 

{a,b} = ab {a,c}^ac {a,d}^2bc {6,c} = {b,d} = bd {c,d}^cd. 

By Lemma[5]the Poisson enveloping algebra P{M) is generated by a, 6, c, d, ri(a), r2(6), VL{c),Q.{d) 
subject to relations saying that a, b, c, d commute, and 
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Q{a)a — afl(a) = n{a)b — bfl{a) — ab 

n{a)c — c£l(cL) — ac fl{a)d — dn{a) = 2bc 

n{b)a ~ an{b) ^ -ab n{b)b - bn{b) ^ 
n{b)c - cn{b) ^ n{b)d ~ dn{b) ^ bd 

n{c)a - an{c) ^ ~ac rj(c)6 - &fi(c) = 
nlc)c - cn{c) = n{c)d - dn{c) = -cd 

nld)a - afi(d) = -26c n{d)b - bn{d) = -bd 

n{d)c - cn{d) = -cd n{d)d - dn{d) = o 
nla)n{b) - n{b)n{a) = an{b) + bn{a) 
nla)n{c) - n{c)n{a) = anlc) + cn{a) 
n{a)n{d) - n{d)n{a) = 2bn{c) + 2cn(b) 
n{b)n{c) - n{c)n{b) ^o 
n{b)n{d) - n{d)n{b) = bn{d) + dn{b) 
n{c)n{d) ~ n{d)n{c) = cn{d) + dn{c) 

Theorem [HI shows M*^ is a ^-deformation of P{M) via the k[q^^]-ioiuY generated 
by a, b, c, d and Q.{a), j](b), J](c), f2(d). 

By Lemma ini the foUowing relations hold in M^: 

f2(a)a -aO(a) =0 

17(a)c — cfi(a) = ac 

f^(b)a - afi(b) = -ab 

^(b)c - cfi(b) = 

r2(c)a — af2(c) = — ac 

fi(c)c - cVL{c) = 

fi(d)a-aO(d) = -(1 - 

fi(d)c - cJi(d) = -cd 

(7fi(a)fi(b) - Ji(b)fi(a) 

qO(a)f2(c) - Vl{c)Q.{a) 

Q.{a)Q.{d) - f](d)f^(a) = (1 + q-^)bVl{c) + (1 + q-^)cQ.{h) - {q - q-^)n{h)n{c) 

n{b)n{c) - f2(c)0(b) = 

qn{b)n{d) - f7(d)fi(b) = bii(d) + dii(b) 

gfi(c)f](d) - il{d)n{c) = cJi(d) + dfi(c) 

3. KOSZUL ALGEBRAS AND MODULES 

We refer to |PP05| for general background on quadratic and Koszul algebras. Re- 
call that a graded fc-algebra A is called quadratic if it there is a finite-dimensional 
vector spce V and a subspace R < V ^kV such that A = T{V)/{R) where T{V) 
denotes the tensor algebra. The quadratic dual A- of A is T{V*)/{R-^) where 
V* = Homfc(V, k) and R-^ is the image of the annihilator of R under the canonical 
isomorphism of {V (g)fc V)* with V* ®fe V*. 

Example 17. The quadratic dual M' of M is generated by a*,b*,c*,d* subject to 

a*^ b*2, c*^ d*2, b*c* + c*b* + (q - q-^)a*d* 

qa*h* + b*a*,qa*c* -|-c*a*,a*d* +d*a*,qb*d* -|- d*b*,(7C*d* -t-d*c*. 

A graded left A-module M is called quadratic if it is isomorphic as a graded 
module to one of the form (A (^k Mo)/AH where Mq is a finite-dimensional vector 
space, iJ < Ai (g) Mq, and Mq is homogeneous with respect to the grading. The 
quadratic dual M' of M is the left A'-module {A-®kM^)/{A-H-^) where H-^ denotes 
the image of the annihilator of H under the canonical isomorphism between (Ai (8)^ 
Mo) and Al <S>k M^ = (A')i ^k M^. If M and N are graded left A-modules, 
Ext^(Af, iV) is bigraded, by homological degree and by internal degree. We write 



fi(a)b- 


- bn{a) = 


= ab 


hla)d - 


-dJi(a) = 


= (l + g-i)bc 


fi(b)b - 


- bVL{b) -- 


= 


j)(b)d- 


-df^(b). 


= bd 


VL{c)b - 


- bf2(c) = 


= 


ii(c)d - 


- dfi(c) = 


= -cd 


'-i)bc 0(d)b- 


- bSl(d) = 


= -bd 


fi(d)d - 


-df^(d) = 


= 


afi(b) + bfi(a) 






af2(c) + cfi(a) 
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Ext^(M, A^) for the part with homological degree i and mternal degree j. Write 
k for the trivial A-module A/^-^q A^. A quadratic algebra A is called Koszul if 
Ext^(fc,fc) is zero whenever i ^ j, in which case Ext'^{k,k) = A' as algebras. A 
graded module M over a Koszul algebra A is called Koszul if Ext^ (M, k) is zero if 
i ^ j, or equivalently if M admits a linear projective resolution, that is, a projective 
resolution P, -» M such that Pi is generated by its component of degree i. 

3.1. Hochschild cohomology of Koszul algebras. If A is Koszul then A^ is 
Koszul: A°P is Koszul by jPPOSi remark on p. 20], and tensor products of Koszul 
algebras are Koszul by [PP051 Corollary 3.1.2]. Furthermore A is a Koszul A^- 
module by jGHMSOSl Corollary 2.2]. 

Lemma 18. The quadratic dual (a^A)' of the A'^-module A is isomorphic as a 
vector space to the dual quadratic algebra A' . 

Proof. Let A = T{V)/{R) so that A'^ = T{V © V')/iR ® R' ® C) where V is 
isomorphic to V via a map that sends v ^ V to v' , R' is the image of R under the 
twist map t : v (E) w ^-^ w' (E) v' and C has basis Xi E) x', — .t'- ® Xi where xi, . . . ,Xn 
is some fixed basis of V. 

Thus (A'^)' is isomorphic to T{V* © V'*)/{R^ © R'^ © D) where D has a basis 
consisting of all tensors of the form x* ® x'* + x'* O x* where the x* are the basis of 
V* dual to xi,. . . ,Xn- It follows (A*^)' = A'®fc(A')°P where (g)fc denotes the graded 
commutative tensor product: (Ai(8)^i) • (A2®/i2) = (— l)'""AiA2(8)/ii/^2 for A2, fJ,i 
homogeneous of degrees m and n respectively. 

As a A'^ = T{V © V')/{R © 7?' © C)-module, A = AV(a;, - x'^ : i = 1, . . . ,n). 
Therefore the quadratic dual of a«A is (A^)7(a;* + x'* : i ^ 1, . . . , n). This ideal 
corresponds to the ideal (x* ® 1 + 1 ® x'*) under the isomorphism between T{V © 
V')/{R®R'®C) and A'(g)fc(A')°P. There is an exact sequence of A'(8)(A')°P-modules 

-> « ® 1 + 1 © x'*) -^ A'©fc(A')°P ^ A' ^ 

where A- is the A©fe(A')°P-module which is A- as a vector space, and with action 
(A©/x') ■ X = (— 1)I^II^I+I''I(I''I+i)/2Ax/x for \,x,^ £ A', homogeneous, and the map 
A©fc(A)°P — > A- is determined by I ® I i— !> I. This completes the proof. D 

Definition 19. Let M be a Koszul left-module for the Koszul k-algebra T = 
T{V)/{R) and let er S F ©^ P- be J2i "^i ® ^i* where Vj runs over a basis of V 
and V* is the corresponding dual basis element of V* = Pi- Then the Koszul 
resolution Kt{M) is P ©^ (M)* with differential given by right-multiplication by 
er, and the Koszul cocomplex Kr{M) is M ©^ AT with differential given by 
left-multiplication by er 

|PP05I §2.3] shows that Kr{M) is a minimal free resolution of M, so that 
Extp (M, M) is computed by cohomology of the cocomplexes 

Homr(P ©fc {M-)\M) = Homfe((A/')*, A/) = M ®k M' == Kr{M). 

Consider the special case when P = A^ for some Koszul algebra A and M = a= A. 
By Lemma ITSl (a=A)- is A' so /^Ae(A) is isomorphic to A ©^ A- as a vector space. 
The corresponding differential is 

(13) A © ^ i-^ ^{xiX © x*n + (-l)l^l+^Aa;j © fix*) 

i 

for fj, homogeneous of degree \fi\ - see |VdB94[ p. 5]. This differential makes A©^ A', 
with its natural multiplication, into a differential graded algebra. 

This means that the Hochschild cohomology ring HII(A) = Ext^c (A, A) has two 
multiplications: one it inherits as the cohomology of the differential graded algebra 
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A (JDfe A' and one from the Yoneda product on Ext. We want to show that they 
agree. 

Lemma 20. The cohomology of the differential graded algebra A <Sik A' equipped 
with the differential US\) is isomorphic as an algebra to HH*(A). 

Proof. We already know that the cohomology of A®fc A- with this differential agrees 
with HH*(A) as a vector space. To show that the two products are the same we 
need to examine the Koszul resolution more closely. If A = T{V)/{R) then A^ is 
equal to 

(the denominator is to be interpreted as zero if 7ti = or 1). For m > 2 the 
denominator is the annihilator of 

m-2 



Nm^ Pi V^'(SR(E) ^®('^-2-*) 



i=0 

SO we can identify (A„J* with N,n, and the Koszul resolution K\c[A) of A over A*^ 
can be written as 

(14) Km{A)^^A(E}N^(»A 

where Ni = V and Nq ~ k. As before let a;i, . . . , a;„ be a basis of V, and given a 
sequence i = (zi, . . . , im) write Xi for Xi-^ • • • (8> Xi^ G ysim^ ^j^g differential on 
(HI is 



1 ^ aiXi (g) 1 i-^. ^ ai(a;ji 



® ^(i2,..;tm) ® 1 - 1 (8 a;(i^_..._j„^_j) (g) Xi^) 



where ai E k. 

Write B* for the standard (bar) complex of A |CE991 IX. 6], whose Tnth term is 
B,„ = A®(™+^). The inclusion V" ^^ A induces a map 

which is a morphism of chain complexes [VdB941 Proposition 3.3]. The bar complex 
of A admits a comultiplication A : B* — >■ B (E)\ B defined by 

A(A ® y; ® ^) = ^(A ® y(i,,...,i,) «) 1) ® (1 ® 2/(i„^i,...,i„) ® ^i) 

r 

where yi = yi^ ® ■ ■ ■ ® yi^ € j^<sm^ y^^ ^j^ show that 

(15) A(imi) C (imt) Cx)^ (imi) 

so that A induces a comultiplication on Ka" (A) . This is equivalent to proving that 
if J2i Q^i^i S ^m then 

X] '^i2^(il,...,v) ® Xii^+u...,z^) & Nr(E) Nm-r 

for any r < m. Corollary 3.3 of [Pri70] says that for any sequence j of length m — r, 

22 0-iX{iu...,ir-) S Nr 

i:(ir+l,---,im)=r 

Thus 

i j \i:(ir+l>---.»m)=r / 
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Similarly it lies in F®'' (g) N„i-r, so in 

completing the proof of (fT5)) . 

If we identify A 0a A with A then B, (2)a B is a free resolution of A and A is a 
chain map lifting the identity map on A. Because of (fT5|) the same holds for K^c (A). 
jBGSSOSl p. 4] point out that the Yoneda product on HH(A) can be computed as 
follows: if / : KAc[A)r — > A and g : A'Ae(A)s — >■ A are cocycles, the product of the 
cohomology elements they represent is represented by / * g = (/ ®a 9) ° ^ where 
/ ®A ff : Ka" (A)^ (g)A Ka^ {A)s ^ Ms k®k' i^ f{K)g{K,'). 

There is a linear isomorphism : A(8)A' H' HoniAe(A'A<!(A)*, A) that sends A® A* 
to 

1 (g)n(g) 1 H^ {fi,n)X 

where fi G A'„, n e Nm and (— , — ) is the pairing between A[„ and N,n. We will 
show this is is a homomorphism of algebras when HomA=(A'A<!(A)H., A) is equipped 
with the product *. 

Since the product in A' is induced by tensor multiplication in T{V*), if /i = 
fi + Ann(iVr) G Aj, and fi' = /? + Ann(iVs) G A!, then 

4>{XX' (8) fJ.fJ.'){l ® ^ aiXi ® 1) = ^ aiK^{h,-,ir))t^'i^{ir-+i,-,ir-+s))^^'- 
On the other hand 

(0(A (g) Ai) * (/>(A' (E) n')){l ® Y^ aiXi j (g) 1) 

^ 0(A /x) 0(A' ® A^') ^ ai(l ® a;(,i,...,,^) (g) 1) (g) (1 g) a;(j^^,,...,,^^^) g) 1) 

i 

i 

This completes the proof. D 

3.2. Quadratic Poisson enveloping algebras are Koszul. A polynomial Pois- 
son algebra A ~ k[xi, . . . , a;„] is a left Poisson module over itself in the obvious 
way. A is therefore a P(A)-module, isomorphic to the quotient of P{A) by the left 
ideal generated by the ^{yi). 

Lemma 21. Let A = k[xi, . . . ,x„] be a polynomial algebra, graded with each Xi in 
degree one, equipped with a Poisson bracket { — , — } such that {xi,Xj} G A2 for all 
i and j . Then P{A) is a Koszul algebra and A is a Koszul P{A)-module. 

A Poisson algebra or bracket with this property will be called quadratic. 

Proof. If we place all yi and Vl{yi) in degree one, the defining relations ^, ^ and 
(m of P{A) arc homogeneous of degree two. Applying Corollary [3] shows that P{A) 
is a quadratic algebra with a PEW basis, and such algebras are Koszul by a result 
of Priddy |PP051 Theorem 4.3.1]. 

When J7(A) is a projective A-module, which holds when A is polynomial, Hueb- 
schmann |IIue90[ p. 66] points out that P(A)(g^A^(rj(^)) with the Cartan-Chevalley- 
Eilenberg differential is a projective resolution of A over P{A). Since this is clearly 
a linear resolution, ^ is a Koszul P(^)-module by |PP05[ p. 20]. D 
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Corollary 22. P{A)' is generated by y* and i^{y*) subject to 

n{y,)*niy,y + n{y,rn{y,r i < * < j < ^ 
^{ymTy: + y*Mymr + E ?J"/i^ »(yO*»fa)* 

T/ie subalgebra O ~ {fl{yi)* , . . . , fl{yn)*) of P{A)' is exterior of rank n. 

Proof. The given presentation for P{A)- follows from the presentation of P{A) given 
by relations ©, © and (g]). 

[PP05I Corollary 2.2] says that if Af is a Koszul module over a Koszul alge- 
bra A and M-, A- are their Koszul duals then hA{t)h/^<{—t) = 1 and h^'^t) = 
hi^\{t)h^[{~t) where hM{t),hA{t),h]^.j]{t),hf^] are the Hilbert series of M.A, M, A-. 
Applying this with M = A whose Hilbert series is (1 — t)~" and A = P{A) whose 
Hilbert series is (1 — t)~^" shows that hp(^Ay = (1 + ^)^" a-nd the Koszul dual of 
the P(A)-module A has Hilbert series (1 +i)". 

By definition, A' = P{Ay /P{A)'{yl, . . . , y*) and it follows by repeatedly using 
the second relation that this quotient is spanned by O + F(A)'(yJ', . . . ,2/*). But 
dim A- = 2", so dimO > 2". Since O is certainly a quotient of an exterior algebra 
of rank n we in fact have dimO = 2". The last statement follows. D 

At the moment A- could mean two different things: the Koszul dual of the 
algebra A and the quadratic dual of the P(A)-modulc A. In what follows A- always 
refers to the algebra O with P(yl)-modulc structure induced by the vector space 
isomorphism between O and P{A)- /P{A)-{yl, . . . , y*) from the proof of the previous 
corollary. 

Remark 23. The quadratic dual of P{A) can be described as follows. A Poisson 
superalgebra (or graded Poisson algebra) B is a graded- commutative algebra, that 
is ab = (— l)l"ll''l6a for a,b homogeneous, equipped with a bilinear bracket { — ,— } 
such that 

{a,6} = (-l)i+l'^ll''l{6,a} 

(-l)HH{a,{6,c}} + (-l)l"ll''l{6,{c,a}} + (-l)l''ll=l{c,{a,&}} = 

{a, be} = {a, b}c + (-l)l''ll''lfe{a, c} 

for all homogeneous a,b,c G B. 

A quadratic Poisson bracket on the polynomial algebra A is determined by a map 
b : A^(Ai) -^ S^{Ai), where h? and S'^ are the exterior and symmetric squares 
and Ai is the vector space spanned by the Xi. The dual map b* : 5'^ (A*) -^ A^(A^) 
allows us to define a quadratic Poisson superalgebra structure on the exterior algebra 
generated by the x* by 

{x*,x*}:=b*ix*,x*). 

The quadratic dual of P{A) is isomorphic to the Poisson enveloping algebra of the 
exterior algebra generated by the x* with graded Poisson bracket determined by b* . 

Corollary 24. Let A be a polynomial algebra with a quadratic Poisson bracket. 
Then the Koszul cocomplex Kpij^\{A) — A®kA with its natural multiplication and 
differential epij^\ is a differential graded algebra whose cohomology is isomorphic 
as an algebra to HP* (A). 
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Proof. We will show that ^p(^')(A) with differential ep(^) is isomorphic as a differ- 
ential graded algebra to A\t\{il{A) , A). As in Subsection II .21 we identify this with 
A(g)A*(y*) where V* is the span of the fl{x,)*, and map A(8)fcA*(T/*) -^ ^p(^)(A) 
by (/) : a® r2(a;i)* i— ^ a® r2(yi)*. This is clearly an isomorphism of algebras; we only 
have to show that it respects the differential. Since A (g)fc A*{V*) is generated as 
an algebra by the ccj ® 1 and 1 (g) ri(xi)* it is enough to check that (j){S{xi ® 1)) = 
sp{A){xi ® 1) and 4>{5{1 €5 i^{xi)*)) = ep(^)(l (8) il{yi)*), where 6 is the differential 
corresponding to the Cartan-Chevalley-Eilenberg differential d on A\t\{rt{A) , A) . 
The element Xi (g) 1 G A 0^ A*(F*) corresponds to /^ : 1 ® 1 i-^ x^ G A\t\{D.{A) , A) , 
and 

d(/,)(l ® r!(x,)) = n{xj)f{l ® 1) = {x„ x,} 
so that S{xi(E)l) = X^il^ji a:i}0J7(xj)*, and the image of this under (f>is J^A^ji^i}^ 
^iVj)*- Applying 

i 
to Xi (8) 1 gives X]j ^(2/i) ■ Xi r2(yj)* == X^jl^i'^;^} ^{Vj)*, so 0((5(xi 1)) = 
ep(A)(2^i ® 1) holds. 

1 ® f^(a;,;)* corresponds to the element fi of Altyi(il(A), A) that sends 1 eg) il(a;j) 
to 1 if i = j and otherwise. Therefore 

d/,(l ® ri(xj) A n{xk)) = -c(fi(l ®A n{{xj,Xk}) 

which is equal to minus the coefficient of fl{xi) in D,({xj,Xk})- Therefore 

s{i>s>n{x^y) = -^c^jk®^{xj)* KQ.{xkY 

where Cijk is the coefficient of ^{xi) in i7({xj,Xfc}). On the other hand, applying 

e-p(A) to 1 ® Vt{yi)* gives 



r ]<k \ r r I J 



_ _ ^ ^niy.yniyk)* 

3<k \ r ^-^rUXi J 

using the second relation from Corollary [511 which completes the proof. D 

The polynomial algebra A = k[xi, . . . , a;„] admits derivations di — ^- defined in 
the usual way. Similarly its quadratic dual A' = k{Q{yi)* , ■ ■ ■ , r2(j/„)*) has graded 
derivations d* defined by 

where e, is the vector with a 1 in position i and zeroes elsewhere and r2(y)*'' 
denotes Q{yi)*^^ ■ ■ ■ il{yn)*^" ■ We can use these to build a derivation on the Koszul 
CO complex: 

Lemma 25. Let A = k[xi, . . . , x„] be a quadratic Poisson algebra and let A iSik A' 
be the Poisson cocomplex computing HP* (A) with differential e ~ ep(^). Let h = 
T,^9^(E>^*. Then 

(16) he + eh^Y^ diH, «) 1 + 1 ® d* H* 

i 

where Hi{x) = {xi,x} and H*{X) = {n{yi)* , X} = y* ■ X. 

Proof. Since h and e are (graded) derivations, so is he + eh. We first show that the 
right hand side of p6p is a derivation. 
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Since { — , — } and its dual are (graded) derivations when one argument is fixed, 
(17) {x,2/} - ^a,(x)i7,(y) = -Y,d,{:y)H,{x) 



{zM = {-ip^'yd:{z)Hi{w) = {-ip\-\+\-\yd*{w)H*{z) 



for z,w £ A and x,y ^ A. Furthermore 

d,H,ixy) = d,ix)H,{y) + xO^Hdy) + d.,H,{x)y + H,{x)d^{v) 

so summing over i and applying (|17p shows ^^ diHi is a derivation. Similarly so is 
Y,i d*H*, and thus X), ^^H^ (g) 1 + 1 9*ff* is a derivation. 

It is easy to see that he + eh and J2i diHi ®\ + \® d*H* agree on x^ 1 and 
1 ^fi{yr)* for any r. Since these elements generate A^A-, the two derivations are 
equal. D 

The utility of this result is that in some cases, including that of the semiclassical 
limits we are interested in, he + eh sends each element of the PBW basis to a scalar 
multiple of itself. Therefore some multiple of h will be a contracting homotopy for 
certain parts of the Koszul cocomplex. 

3.3. g-deformations of the Koszul cocomplex. Let A be a Koszul k(q)-algehia, 
which has a semiclassical limit A such that A*^ is a g-deformation of P{A) Then 
HH*(A) is computed by the differential graded algebra A (g) A' with the differential 
e/\i and HP* (A) is computed hy A^ A- with differential ep(^). We want to show 
that the first of these DGAs is a g-dcformation of the second. 

Proposition 26. Let A be a Koszul k{q)-algebra minimally generated &y Xi, . . . , x„ 

and let A be the k[q ]-form of A generated by the Xi and admitting a semiclassical 
limit A which is polynomial on the images of the X;. Suppose the map P{A) -^ 
A! /{q— VjA! of Lemma \ll\ is an isomorphism. Then the differential graded algebra 
Ki\<!{A) is a q- deformation of Kp(^A-^{A). 

Proof. We split the proof into sections. 

Hilbert series. Under our hypotheses, 

dim Aj. = rank Ar = dim A^ 

for any r. The first equality holds because Ar is free as a A:[(j^^]-module, be- 
ing finitely-generated torsion-free. For the second, if 6i, . . . is a basis of A^ then 
by multiplying by an appropriate scalar we may assume the bi lie in Ar. Thus 
ranker > dimA,.. But any fc[g ]-linearly independent set in Ar is fc((7)-linearly 
independent in A^, so the opposite inequality holds. We get that A has the same 
Hilbert series as the polynomial algebra A. The Hilbert series of a Koszul algebra 
determines that of its Koszul dual by |PP05[ Corollary 2.2.2], so A' has the same 
Hilbert series as the exterior algebra A- . 

Relations in A'. Write A ~ T{V)/{R) as a quadratic algebra where V has a basis 
vi, . . . ,Vn whose images in A are Xi , . . . , x„ . Existence of the semiclassical limit 
implies that for each i < j there is an element rij of R of the form 

V, (g Vj - Vj iSiv, - (q - l)/3y 

where /3ij lies in the fc[(7*^]-span of the Vg <E)Vt. By substituting rgt into the /3y we 
obtain elements r',- of R of the form 

Vt (g) Vj - Vj (»Vi- {q- l)/3-j + (g - l)^7.y 
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where only tensors of the form Vs CS) vt for s < t appear m /3^-, and the hnage of 
/3j' in A is {xi,Xk}. These r'^^ are fc((7)-hnearly independent since they are even 
hnearly independent modulo q — 1- They form a fc(g)-basis of R, for if R had larger 
dimension dim A2 would be smaller than n(n + l)/2. 

Let -y^ , . . . , -y* be the basis of V* dual to wi, . . . , w„. For r < s define 

p,, = v; ® v; + v: ® < -{q-i)Y^ ?^^' ® "*^ 

k<i ^^ ^* 

where Xi is the image of x^ in A. Furthermore define 

Prr = V^ (S) V^ - {q - 1) 2_^ a 2 ^l ® "*= 

Then for any r < s and any i < j we have Prs{fij) G (q — l)'^k[q ]. As before, the 
Prs are linearly independent and there are some elements £rs in the fc[q ]-span of 
the V* V* such that 

(18) prs + {q- !)'£.. r < s 

is a basis of R^. Recall that A' = T{V*)/{R'^) and write x* for the image of v* in 
a'. Let B be the /^[q^^J-subalgebra of A' generated by the elements (1 — g)x*. The 
relations (1181) show that 



x*x* + x*x* = mod {q - 1) 

Since A- and hence B has the same Hilbert series as A-, B/{q — 1)B is isomorphic 
to the exterior algebra A- . 

Let B' be the subalgebra of A' ^k{q) (A')°p generated by x* (g) 1 + 1 ® x* and 
(1 — 9) (g) X* for 1 < i < n. 

„4 is a ^'-module, B is a yS'-module. A is a A'^-modulc, and we claim that 
the action of A' C A*^ preserves A. Certainly elements x^ (g) 1 preserve A, and 
(xj (g) 1 — 1 (g) Xi) • ^ C [q ~ 1)A because of the existence of the semiclassical limit. 
Recall that the action of A' <E)k(q} (A)°p on A- is 

{X®lj')-x= (-l)l'^ll^l+l^l(l^l+i)/2^xM. 

Clearly the action of (1 — 5) g) x* preserves B. The relations ((T8)) show that the 
elements x* g) 1 + 1 (gx* send generators of B to B; the general result follows because 
X* g) 1 + 1 (g X* acts by graded derivations on B. 

Let C = A gifcTgii] B, and ec : C — ?• C be the map induced by left-action of 

J2 ((x» ® 1) ® (x* ® 1 + 1 ® X*) + ""^ "^ ^ ~ I '^ ""^ (g ((1 - g) ® X*)] eA'®B' 

This makes it clear that C with differential ec is a DGA which is a fc[g*^]-form of 
Ki\e{l\). Therefore all we need to complete the proof is: 

C/{q— 1)C is isomorphic as a DGA to Kp(^A-^{A). We consider Kpi^A^{A) as the 
complex A ^k A- as in the proof of Corollary [M] 

Kp(^A){j^) is isomorphic as an algebra to C/((7-l)C = {A/{q~l)A)(E){B/{q-l)B). 
Write (j) : Kp^A)iA) -> {A/{q - 1)^) g) {B/(q - 1)B) for the algebra isomorphism 
that sends x^ g) 1 to the image of x^ g) 1 and 1 g) rj(yi)* to the image of (1 — g) g) x* 
in C/{q — 1)C. We claim respects the differentials on these DGAs, and since 
Kp(^A){A) is generated by the x^ g) 1 and 1 (g ri(yi)* it is enough to check these 
elements. 
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ep{A){xi (8)1) = ^{x.i,Xi}(S)n{yj)* 
j 

ec(xi ® 1) = ^ /3(xj, Xi) ® (1 - q)x* 
j 
so (l>{ep(^A)ixi ® 1)) equals ec{(j>ixt (g) 1)) + (g - 1)C. 

j<k r ^' ^"^ 

ec(l ® (1 - q)x*) = ^x,,, ® (1 - g)(x,>* +x*x;) 






]<k 



modulo {q-l)C. D 

If a G ^[(7*^] and AI is a A:[(7^^]-modulc we say Af has a-torsion if there is a 
non-zero element of M annihilated by a. 

Corollary 27. If H*(C) has no (q— l)-torsion then HH*(A) is a q- deformation of 
HP* (A). 

Proof C (g>k[q±i] k ^ Kp^A){A) so H*{C ®fe[,±i] k) = HP* (A), and C (g>k[q±i] k{q) ^ 
K/,.{A) so HH*(A) = i7*(C®fe[,±i] k{q)) - H*{C) ®fc[,±i] k{q). 

We first show that HP' (A) and HH''(A) have the same Hilbert series for any r. 
The universal coefficient theorem gives an exact sequence of graded modules 

(19) ^ H''^{C) «)fe[g±i] k -^ H'^C ®fc[q±i] k) ^ Toi'i^''^'\H''~'^'^{C), k) ^ 
for any j. Because k[q ] is a principal ideal domain, 

TorJ[«'^l(^,fc)=ker(fcAfc) 

and the Tor group in (J19p vanishes under our hypothesis. So for any r, j, HP'^-' (A) = 
H^-'{C) ®k[q±^ k which has the same dimension as H^^{C ®klq±'^] k{q)) = HH'^-'(A). 
Consider the fc[g''=-^]-form i?*(C)®fc[g±i]l of 7f*(C)(8)fc[g±i]fc(g). This is isomorphic 
as a fc[g='=^]-algebra to the quotient of H*{C) by its torsion ideal T (the ideal of all 
elements annihilated by some a S fc[<z^^] \ {0}). Under our hypothesis — ®k[q±^] k 
kills all torsion summands of H*{C), so H*{C) ®k[q±^] k = {H*{C)/T) ®fc[g±i] k. 
Thus HH*(A) = H*{e) ®fe[g±i] k{q) is a g-deformation of HP* (A) = H*{C) ®k[q±^] k 
via the fc[g±i]-form H*{C) ® 1 ^ H*{C)/T. D 



In practise the hypothesis of Corollary [57] can be checked using the following 
lemma. 

Corollary 28. // every element o/ ker(ec ®fe[g±i] k) lifts to an element o/kerec, 
then H*{C) has no (q — \)-torsion. 

Proof. It is enough to show that C/ im ec has no (g— l)-torsion under these hypothe- 
ses. Since fc[g^^] is a principal ideal domain, maps between free /i:[(7^^]-modules can 
be written in Smith Normal Form. It follows easily that C / im ec has {q — l)-torsion 
if and only if rank(ec Cg) fc) < rankec on some graded piece, if and only if the kernel 
oi ec ® k has rank larger than that of ec on that graded piece. If every element of 
ker(ec ® k) lifts, this cannot happen. D 
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4. The quantum plane 

In this section we illustrate some of the results of the previous sections in the case 
of the quantum plane. The Hochschild cohomology of quantum afhne space was 
described in |Sit05[ §3.3] (though it appears difhcult to obtain an explicit expression 
for arbitrary n), and it is known ( |LR071 Corollary 3.5.2], |Mon02j ) that it agrees 
with the Poisson cohomology of the semiclassical limit. 

The coordinate ring A of the quantum plane as defined in Section 12.11 is Koszul 
since it is a quadratic algebra with a PBW basis of polynomial type. Therefore by 
Theorem [Ml and Proposition [26l K/^c[A) is a g-deformation of Kp(^A'j{A), where A 
is the semiclassical limit of A. 

The Koszul dual of A is the quantum exterior algebra A- , generated by x* , y* 
subject to x*^ = y*^ = and qx*y* + y*x* = . 

Using this and (|13p we can compute the Koszul cocomplex Kfi,e{A). For tti 6 Z 
write [m] for the g-integer "^ ~ . The maps in the Koszul cocomplex are 

eo(y''x") = [felx-^+V" X* - [alx-^y^+i ® y* 
ei(y''x'' x*) = [a- l]x°y''+i ® x*y* 
ei(y''x" ® y*) = [6 - llx^+V*" ® x*y* 
so, noting that gcd([a], [b]) = [gcd(a, fo)] in k[q^-^], 

±1 _ ±1 /[6]yV-''®x* - [n-6- l]y''+ix"-i-''®y* 



kereo = fc[q ]•!, (kcr ei)„+i = fc[g j^ i a/u i im 

[gcd(6,n-6- 1)J 

Therefore H^iC) = fc[g±i] • 1, 

H\C) ^ fc[g±i]x ® x* © k[q'^^]y ® y* ® Ti 

H^{C) ^ fc[g±i] (g, x*y* © k[q^^]yx ® x*y* © T2 

where Ti and T2 are direct sums of fc[g^^]-modules of the form A;[(7^^]/([a]) for 
a G Z. Therefore there is no (g— l)-torsion in H*{C), and HH(A) is a g-deformation 
of HP(A). Furthermore HH(A) is one-dimensional in homological degree zero and 
two-dimensional in degrees 1 and 2. 

In fact, for any quantum affinc space two the Koszul cocomplexes are actually 
isomorphic after a change of base field: A'a=(A) = Kp(^A){A) (E)k k{q) as complexes. 

5. 2 X 2 quantum matrices 

In this section we will compute the Poisson cohomology of M, showing that it 
agrees with the Hochschild cohomology of M . In describing elements of Kpi^M) {^) 
we write VC^i for Vt{a)*'^^{hY^ VL{c)*^Q.{d)*^ and we omit the €5 symbol. Similarly in 
i?M=(M) we write f*^' for d'c'^Wa' and Vl^^i for VL{a)*'Q.{b)*m{c.)*^Q.{d)*^ and omit 
the ® symbol. 

We begin by summarizing the results. 

Theorem 29. IIH*(M) is a q-deformation o/IIP*(A/). The Poisson centre of M 
is polynomial in A ^ ad — be, and for i < 3, IIP*(A/) is a free k[A\-module freely 
generated by the images of the following elements: 
i Representatives of generators of HP' (A) 



a^fio + dn°i, a^fio + c^!™, bn°,l + dfl™ 

6JrjJ?,c'^0(a)J? forj,k^ 2, bcn% - abn^^ + acfll'^ , biail^l + dQ'^l) , c(af7jj- 

dn°\), b{an\° + dnfi), c{an\'^o + d^il) 

b>nl\,c''nl\,b''nY(,c^Q\'i for j^i andVc''{an\l-dn1\) for j + k = 2. 
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As a k[A]-inodule, HP (M) is the direct sum of a trivial module generated by il\\ 
and free summands generated by bcfl\\, b^n\\ and c'TtW for j,k > 0. 

The theorem is proved as follows. Firstly, M has a PBW basis of polynomial 
type, so we may apply Theorem [HI and Proposition [25] to get that A'm<!(M) is 
a (/-deformation of Kpi^^^^M). We compute HP* (A/) directly using the Koszul 
cocomplex and show that each cocycle lifts to one for /?m<'(M), so that Corollary 
[5S| applies and HH*(M) is a g-deformation of HP*(M). This is simplified by two 
observations: first, the boundary of d^c^Va^VL^Ji, lifts to that of d'c'^b^a'i^^,-';, so we 
only need to lift non-bounding cocycles, and second A = ad— be lifts to A^ = ad—qbc 
so we only need lift a /c [A] -generating set for the non-bounding cocycles. In practise 
the lifting is always the most straightforward one possible: afioo -t- bil^Q lifts to 



dSiQO 



brigj and so on. 



We need to know the differentials on both Koszul cocomplexes explicitly to check 
the lifting condition. Since the differential on Kpi^^-j (M) is the 'reduction mod q—V 
of that for /^^^(M), we give the latter in the tables that follow. 



eo(f^) = ([j + fc]fir" 



i-'mi:i:{l 



^ni« + m^[^(sir< + ^tu^ 





-([.?+fc]C+i+'?"M2^]f^f^X 


X 


ei(f^]^W*) 


a 


g-Hw - [I + i])(f^r'"jj + fi'+iM"o) + iij + fc]ffcVi + q-'mr+'^^r)^h°i 


b 


([j + fc-l]f^+i'^-H<z'2[2Z]f^'||]_Jf7ii + (H-[/])f^;,,f7?i-g-i[2]ffcVi,^J? + 




(b- + fc-i]f^%i + 9-'[2*]ffe;lf' )f^E]} 


c 


(b-+fc-i]ffcr''+'?-'[2^]fmj_i)f^}g+(m-w)f^-r'^?j-<z'-M2]ffer'^j?+ 




(b- + fc-i]f^Vi + ?"'[2^]d:r')^?? 


d 


{[I - 1] - W)(fl;r^f^g} + f^^u"??) + ([.? + kKt''' + q-'[miu-i)^'o1 



x,y 


e2{e^M^rn{yr) 


a,b 


q-H[i + 1] - m'^+,,n\i {[j + k iri^^, + g-2[2^]f-;j+^)f7ii 


a,c 


g-i(M - [/ + l]nr'^\l {[j + k l]f^^,+i + 9-2[2z]f-Vj+i)Oi; 


a,d 


i-'m-imT'^ii+^'i^.PW) 


b,c 


(b- + fc-2]f^+i'^+g-3[2?]f^;|t;_Jf}}i-g'-2[2]f^/+if7i} + g-2[2]f^^^^^^f7}?- 




{[3 + k-2ri,^, + q-^me-^\^+')n\\ 


b,d 


(b- + k llfif'^ + g-2[2/]f^||j_ Jf^n + ([,] _ [; _ l])e^^^p\\ 


c,d 


{[j + k i]e+'-^ + <z-2[2z]fi;||j_o"l? + ([' - 1] - mT'^W 



i\j',k',l' e,(S;^ffi) 



q' 



q-'m-m^'^'^w 

- 2]nt'-'nv 



-3ro;if«J+i fill 



1,1,1,0 
1,1,0,1 
1,0,1,1 
0, 1, 1, 1 [j + k 2]fii'-^nll + q~'[2l]fl^,^^_,..,. 

The formulas are obtained by computing directly using the definition of the 
Koszul cocomplex and the presentations of M and M- given in (fTTj) and Example 
M 

We want to find a contracting homotopy to show that certain portions of Kp/]\,j\ (M) 
are exact. To this end we define another grading on Kp/]^j\(M): 

Definition 30. The grade of aVc^dVCl;{, G Kp(M){M) is i - i' - I + I'. 

The differential epiM) preserves grade, as is easily seen from the tables above. 
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Lemma 31. (he + eh){f]^i^l,) ^ 2{l - I' - z + if)f]^ffi. 

Proof. This is an application of Lemma [25l Com.puting using the bracket formulas 
dni shows 

{daHa + SfeFb + dcH, + ddHd) f^2{l- i)f^i. 

Next, the second relation of Corollary [52] gives the following description of the 
action of P{M)- on M- (with a slight abuse of notation): 

a* ■ n{b)* = b* ■ n{a)* = -n{a)*n{b)* 

a* ■ n{cy ^ c* ■ n(a)* = -Q.{a)*^{c)* 
a* ■ n{d)* = d* ■ n{a)* = 

b* ■ n{c)* = c* ■ n{b)* = ^2n{a)*n(dy 

b* ■ n{dy = d* ■ n{b)* = o 

c* • n{d)* = d* ■ n{c)* = ~n{c)*n{dy 

and that a;* • r2(x)* = for x = a,b,c,d. From these, a tedious calculation shows 
that 

{d^H: +diH;+ d^n: + d^Hi) ai^;, = 2(*' - n^i^;,. 

Putting these together gives the formula claimed. D 

This means that a suitable scalar multiple of /i is a contracting homotopy on 
any summand of Kpifj\{M) with nonzero grade. Write Kq[M) for the subcomplex 
of Kpf^j^i-f (M) consisting of all elements of grade zero, and let £'„ be the induced 
differential in homological degree n. Then HP*(M) = H*{K^{M),E), so we work 
only with the cocomplex K[){M). 

5.1. Computations. 

Lemma 32. HP°(Af ) = fc[A], and A lifts to Ag = ad - qbc. 

Proof. Ko{AI)o consists of elements of the form ^ Xijk{adyVc'', and such an ele- 
ment is in ker Eq if and only if it has trivial bracket with a, if and only if 

2iXij-i^k-i = — (j + fc)Ai_ij,fe 

for all i,j,k, where Xijk should be interpreted as zero if any of its indices are 
negative. If Xijk is a solution of this recurrence and j > k then Xijk =0: if fc 
is minimal such that there exists j > k with Xijk ^ then {j + k)Xijk = —2{i + 
l)'^i+ij-i,fc-i = contradicting Xijk i= 0. By symmetry Xijk = if j 7^ fc. 
Writing Xij for Xijj gives 

For fixed i+j, any solution is a scalar multiple of A^j ~ (— l)*('''r^), thus ^ Xij{ady{bcy 
is a polynomial in A. The claim about lifting is easily verified. D 

Therefore Eq is a fc[A]-niap with kernel equal to fc[A]. As a fc[A]-modulc, 
Kq{M) = {{adyb^c'^ : i,j,k > 0) is free on the generators Vc'^, so imi?o is free 
on the image of b^c'^ for j, k not both zero. Using the description of the differential 
above, we get: 

Lemma 33. im_Bo is freely generated by 5^c''(ar2jg — d^o?) for j, k not both zero. 

In the above Lemma and from now on, the terms 'free generators' and 'freely 
generated' refer to the fc[A]-module structure. 

Lemma 34. kerSi is freely generated by bflQQ+ai^QQ, ariJo+cSlj'g and allV c^{a^^ — 
dVL^l) with j,k > 0. 
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Proof. Ko{M)i is spanned by elements of the form (adYab^c'^fllQ, (ad)*6-'c'^rj[]J, 
{adyVc'TliQ, (adydVc'^^Qi and is therefore freely generated by the elements afe^c'^riJo, 
Vc'^^QQ, Vc'^^iQ, dVc'Tlol. The images under Ei of these free generators are 

EiaVc''nl° ^ Eidb>c^nll = ((j + k + 2)6^+V+i + (j + k)Ab>c]')9}^^ 

EiVc'^nll = (j + k- i)iPc''{anll + dn°l) - 2iPc''+^nlli 
EiVc''n% = i:i + k- i)b>c\anl° + dn°1) - 2b'+^c''nl"^ 

Therefore if pjk, qjk, fjk, Sjk are polynomials, the image of 

(20) ^pjfe(A)a6^c''^17i° + g,,(A)6J"c'^f}0i + r,fe(A)6J'c'=f}°o + 5,fe(A)d6^c'=17™ 

is 

^(i+fc-l)gjfc(A)(a6Jc'^f7ii+d5^c^r!°i)+^(i+fc-l)rjfe(A)(a5^c'=r!jo+d6J'c'=r!00) 
+ J2{Pjk{A) + Sjk{A)){{j +k + 2)6J"+ic'^+i + (j + k)Ab^c'')nl° 

- ^(2g,fe(A)6J"c'=+i + 2r,,{A)b^+'c'')nl 



^01 



The terms aVc'^filg are free generators of the fiJo component of Ko{M)2, and 
so the only way for the 0}g component of this expression to vanish is if rjk = for 
j + k =i 1. Similarly we must have qjk ~ for j + k ^ 1. 

The coefficient of c^^q? in this sum is 2(7oi(A)c^rig", therefore goi = 0, and 
similarly r'lo = 0. The condition for ([20)) to be in kcrSi is therefore that rjk = 
Qjk = qoi = riQ ior j + k ^1 and 

-qio - rai + Poo + soo = 
Pjk + Sjk = 

for j, k not both zero. This is equivalent to our claim about the kernel generators. 

D 

We say an element Y. o^iS'^' fu^i'l of ker E, lifts trivially if ^ a^/kt' ^' Q^i'i' 
is a cocycle for Km'{M). 

Corollary 35. HP^(A/) is freely generated by the images of bfl% + aOpg, uQ-qq + 
ci^iQ and afigo ~ rff^oi- Each of these elements lifts trivially to an element of 
HHi(M). 

Proof. The first part follows immediately from the previous two lemmas. The 
second follows from the description of the differential in ^me(M) given earlier. D 

Lemma 36. imi;i is freely generated by c^VlH, b'^n^, [V+'^c^+^ + ^^^AV 0^)^11 
for j,k > and for j + k ^ 1, 



b>c\anll + dnl\)- 


j + k- 


-[^"Ol 


b>c*'{anf^ + dnll)- 


2 

^ 1 h 


1 "01- 



Proof. From our description of ker Ei it follows that im Ei is freely generated by 
the images of ab'c'^Vt\^ for any j, fc, lPc^VL^\ and Vc^VL^^ for j + k ^ 1 and cflgo 
and fen™. These images are non-zero scalar multiples of the given elements. D 



Lemma 37. kcri!;2 is freely generated by b''c''{ailll + dil'^l), b^c''{aillQ + dilf(), 

'10- 



b^c'^n^l for j,k>0 and bcil^ - abn^l + acnl° 
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Proof. E2 kills Vc^flli and acts on the other free generators of Kq{M)2 as follows: 

E2aVc^nll = -E^dVc^^ll = {{j + k + l)b''+^c''+^ + (j + k - l)AVc'')flll 

E2ab'c''nl"o = -E2dyc^nf^ ^ {{j + k + l)b''+^c''+^ + {j + k - l)A6^'c'^)0}? 

E2Vc^n% ^{j + k^ 2pc''{anll - dO?}) + 26^c'^(cf}}? - 60j}) 

As in the calculation of kerE'i we see by considering the fiJJ term that a kernel 
element of the form 

must have rjk ~ unless j + k = 2, and since the b^^oi and c^fi\i coefficients 
must vanish rjk = unless j — k = 1. The condition for an element obeying these 
restrictions on rjk to lie in the kernel is that 

rii + qoi - toi = -rii + pio - sio = 

Pjk - Sjk = qim- n-m == 

for (j, k) 7^ (1, 0) and (/, m) 7^ (0, 1). It follows that the kernel is as claimed. D 

Corollary 38. HP (M) is freely generated by the images of 

b{anll + dnl\), b{a9}^ + dnZ),c{anll + dnl\),c{an\l + d^!™), 

bc^% - ab^]^^ + ac9\l, b''nl°, c''nl° 

for r ^ 2. Each of these elements lifts trivially to an element o/HH (M). 

Proof. The first statement follows from our calculation of kcri?2 and imi?i, the 
second by computing using the description of the differential on ^ivi=(M) given 
earlier. D 

Lemma 39. imE2 ts freely generated by {b^+^c''+^ + ^^AV c'')nll, {bi+^c''+^ + 
^±^A6^c'=)f7jo for any j,k > 0, Vc''{anll - dn'^l) + 2Vc''{cn\1 - bn^l) for 
j + k^2, b^nll andc^rjio. 

Proof. The computation of ker £'2 shows that im E2 is free on the images of Vc'^afiQQ, 
Vc'^afll'^, b^c''n% for j + fc 7^ 2, b^n'^l + abn{'^ and c^n^^ - acnH which are, up to 
a scalar multiple, the given generators. D 

Lemma 40. kcrE's is freely generated by b^c''flli,b^c''n.ll, and V c'' {aflU ~ dfl^l) 
for all j,k > 0. 

Proof E3 kills Vc'^nYl and b>c''nl\ and sends b^c'^aflU and b^c'^dfl'll to {{j + 
k)ip+'^c^+'^ + [j + k- 2)Ab^c'')n\l. The result follows immediately. D 

Again we can read off the cohomology group: 

Corollary 41. HP (Af ) is freely generated by the images of 

vnllc'^n'olb'^nllcmll 

for j ^ 'S together with axfiJJ — dxfli\ for x ~ b^,bc,c^. Each of these elements 
lifts trivially to an element o/HH (M). 

Lemma 42. imi?3 is freely generated by An\\ and (6-'+^c''+^ + ii^^fr'c'^)^}^ for 
J, k not both zero. 

Proof. Our computation of ker E's shows that imi?3 is free on the images offo^c'^arjij J, 
which up to a nonzero scalar multiple are the generators given. D 

Corollary 43. HP'*(A/) is generated as a k[A]-module by ^\\, V^W and c^Yi}} 
for j,k > 0. fc[A] acts trivially on fl\\ and freely on the other generators. 
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Since iJ4 = 0, all kernel elements lift trivially. 
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